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& ■ Abstract 

We investigate which weighted convolution algebras i]^{S), where S is a semilattice, 
f ■j , are AMNM in the sense of Johnson (JLMS, 1986). We give an explicit example where this 

fT} ' is not the case. We show that the unweighted examples are all AMNM, as are all ^(S) 

where S has either finite width or finite height. Some of these finite- width examples are 
isomorphic to function algebras studied by Feinstein (IJMMS, 1999). 

We also investigate when (^(S),M2) is an AMNM pair in the sense of Johnson 
(JLMS, 1988), where M2 denotes the algebra of 2-by-2 complex matrices. In particu- 
i-C lar, we obtain the following two contrasting results: (i) for any non-trivial weight on 

the totally ordered semilattice N min , the pair (^(N m i n ),M 2 ) is not AMNM; (ii) for any 
semilattice S, the pair (£ 1 (S), M2) is AMNM. The latter result requires a detailed analysis 
of approximately commuting, approximately idempotent 2x2 matrices. 

MSC 2010: 39B72 (primary) 46J10 (secondary) 

g : 1 Introduction 

• ■ 1.1 Setting the scene 

Given a constant 8 > 0, we say that a functional ip on a Banach algebra A is ^-multiplicative 
if the bilinear map (a, b) f— > xp(a)xp(b) — xp(ab) has norm at most 6. It is convenient, thinking 
of 5 as small, to call such functionals approximately multiplicative or almost multiplicative (we 
shall use the former phrase). Approximately multiplicative functionals have been studied 
by several authors: an obvious way to obtain examples is to take a multiplicative functional 
and add a functional of small norm, thought of as a perturbation. The question naturally 
arises as to whether all approximately multiplicative functionals occur in this way. 

In [9], B. E. Johnson undertook a systematic study of this phenomenon, and coined the 
acronym AMNM (for Approximately Multiplicative implies Near Multiplicative). The pre- 
cise definition will be deferred to a later section. Many examples of commutative Banach 
algebras with the AMNM property are given in Q, as are some basic hereditary properties. 
See also JH |12l for results on uniform algebras, and for results on certain non-uniform 
function algebras, including C [0,l] w . The paper (10| widens the scope of the problem, 
by considering not just functionals, but approximately multiplicative linear maps between 
given Banach algebras. This leads to the notion of an AMNM pair; again, the precise defini- 
tion wil be given below. We note that, as a special case of IflOl Theorem 3.1], every amenable 
Banach algebra has the AMNM property; however, several of the examples in HUHHU possess 
non-zero point derivations, so that amenability is far from necessary for AMNM. 
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In this paper, we investigate these AMNM problems for the weighted I 1 -convolution al- 
gebras of semila trices. Such algebras have provided provide useful test cases for various con- 
jectures and techniques concerning commutative Banach algebras. Moreover, any weighted 
semilattice algebra contains a dense subalgebra spanned by commuting idempotents. Thus, 
some of our work can be viewed as continuing an old strand of Banach algebra theory, which 
considers lifting and perturbation questions for families of idempotents. The main difference 
here is that we are not limiting ourselves to families of pairwise orthogonal idempotents, but 
allowing more complicated order structure. 

The original motivation for the present work arises from studying the cases where the 
underlying semilattice is N m i n , the set of natural numbers equipped with pairwise minimum 
as a semigroup product. The weighted I 1 -algebras of N m in turn out to be isomorphic to 
function algebras that were studied by J. F. Feinstein in |2|; they have also been studied in the 
context of certain generalized notions of amenability, see for instance HI §3.10]. Moreover, 
some of these algebras satisfy such versions of amenability while having non-trivial 2nd- 
degree simplicial cohomology (the present author, unpublished calculations). 

1.2 Overview of the paper 

We have tried to make this paper self-contained, save for some basic knowledge of Banach 
algebras. Thus, in Section [2] we give the relevant definitions of the AMNM property for al- 
gebras and for pairs of algebras, as promised earlier; and we record some basic observations 
on convolution algebras and their characters. We then observe that ^ 1 (S) is AMNM for any 
semilattice S (Theorem l3.H> . On the other hand, we give an explicit example of a semilattice 
T and a weight on T such that the weighted convolution algebra -^(T) is not AMNM (The- 
orem |331). In Section l33l as a special case of a general technical result, we prove that if S has 
either finite width or finite height, then 0^ (S) is AMNM for every weight CO. This applies in 
particular when S = N m in, the original case of interest. 

The picture is far less complete if we consider approximately multiplicative maps into 
algebras other than C. In Theorem l4.2[ we show that if A is the convolution algebra for any 
non-trivial weight on N m in, then the pairs (A,T 2 ) and (A,M 2 ) are not AMNM, where M 2 
is the algebra of 2 x 2 matrices and T 2 is the (commutative, non-semisimple) algebra of dual 
numbers over C. 

These examples suggest that, if we want positive AMNM results for range algebras other 
than C, we should focus attention on the unweighted case. Indeed, we prove that for an 
arbitrary semilattice S, the pairs (£ 1 (S),T 2 ) and (l 1 (S),M 2 ) are "uniformly AMNM" (the 
terminology is explained below, in Definition I2.4[) . The proof of this for M 2 takes up all of 
Section |5j although the techniques used are elementary, a complete proof seems to require 
substantially more work than is needed for T 2 . Finally, we close the paper by briefly dis- 
cussing some possible avenues for future work. 

Remark 1.1. Some of our calculations would work for certain weighted algebras on abelian 
Clifford semigroups, specifically those where the weight is trivial on each group component. 
We have decided to only consider the semilattice case for now: an adequate treatment of 
weighted abelian Clifford semigroups would require a more detailed look at AMNM prob- 
lems for Beurling algebras than the present paper can accommodate. The same remarks 
apply for inverse semigroups: we did not see how to go beyond superficial generalizations 
of the results here. 



Remark 1.2. After completing the work presented in this article, we learned of the paper IfTlll , 
which considers a related but different notion of AMNM (briefly, the order of quantifiers is 
different). Although the stability result that is proved in [Theorems 2 and 5, ibid.] is different 
from ours, it may be possible to use those arguments to streamline the approach taken in 
Section|5j and perhaps even to extend the results of Section [5] from M2 to M n . 

2 Preliminaries 

We assume familiarity with the basics of Banach spaces and Banach algebras. Throughout 
<S> denotes the projective tensor product of Banach spaces. If A is a Banach algebra then 
IX a '■ A A — > A denotes the unique bounded bilinear map satisfying tca (#1 <8> cii) = a\di- 

2.1 Defining AMNM 

Our notation is different from that of Johnson's articles ||9l [T0ll , and so we repeat some of the 
basic definitions for sake of clarity. 

Definition 2.1 (Multiplicative defect). Let A and B be Banach algebras, and let T : A — > B be 
a bounded linear map. We define the multiplicative defect of T to be 

def(T) = || T o n A - 7i B o (T <g> T) : A § A -> B\\ 

= sup{||T(*y)-T(x)T(y)|| : x,y G A, \\x\\ < 1, ||y|| < 1}. 

T is said to be ^-multiplicative, in the sense of IflOll , when def(T) < 5. Note that Johnson 
uses the notation T v instead of def(T). Of course, a O-multiplicative map is just one that is 
multiplicative in the usual sense, that is, a continuous linear algebra homomorphism (which 
need not be unital, even if A and B are unital algebras). We denote by Mult (A, B) the set of 
multiplicative, bounded linear maps A — > B; a non-zero element of Mult (A, C) is called a 
character of A. 

Given a subset K in a metric space (X,d) andy G X, define distx (y,K) tobeinf je x^(^y)- 

Definition 2.2 (AMNM algebras, [91]). A Banach algebra A is said to be AMNM, or have the 
AMNM property, or have stable characters, if for each e > there exists 5 > such that 

ip £ A*, def(ip) < 8 => dist A *(t/>,Mult(A,C)) < e. 

While Definition l2.2l does not require A to be commutative, it seems most natural to study 
the AMNM property for commutative Banach algebras, since those are the ones for whom 
characters are most informative (via Gelfand theory). For non-commutative algebras A, the 
following definition seems more natural. 

Definition 2.3 (AMNM pairs of Banach algebras, BTOj). Let A and B be Banach algebras. We 
say that the pair (A, B) is an AMNM pair if, for every K > and e > 0, there exists 5 > such 
that 

T G C(A,B), \\T\\ < K, def(T) < 5 => dist £(A/B) (T,Mult(A,B)) < e. 



The presence of the a priori upper bound K may seem curious at first sight. One reason for 
imposing such a bound is that otherwise we can find T such that dist^/ AB \(T ,Mu\t(A, B)) 
is arbitrarily small while def(T) > 1. See lllOl p. 295] for an example with A = C and B the 
algebra M2 of 2 x 2 matrices. 

Nevertheless, in the present paper, we shall obtain examples of pairs of algebras which 
are not just AMNM, but which satisfy a stronger property defined as follows. 

Definition 2.4. Let A and B be Banach algebras. We say that (A, B) is a uniformly AMNM pair 
if, for every e > 0, there exists 5 > such that 

T G C{A,B), def(T) < 5 => dist £(A/B) (T,Mult(A,B)) < e. 

With this terminology, a Banach algebra A is AMNM if and only if the pair (A, C) is 
uniformly AMNM. In some cases, AMNM pairs are automatically uniformly AMNM: for 
instance, this is the case when B = C(X), since a ^-multiplicative linear map A — > C(X) 
has norm at most 1 + S Proposition 5.5]. Note that Johnson IflOl Example 1.5] has given an 
example of a commutative, semisimple Banach algebra B for which the pair (C, B) is AMNM 
but not uniformly AMNM. 

2.2 Some notation and terminology 

A weight on a set S is a function co : S — > (0,oo). Given sucha weight co, we write ^(S) for the 
corresponding weighted £ 1 -space. Throughout this paper, whenever we refer to a weight on 
a semigroup, we always mean a submultiplicative weight. By a weighted semigroup, we mean 
a pair (S,co) where S is a semigroup and co is a weight on S. A routine calculation shows 
that if (S, co) is a weighted semigroup, then i\j{S), equipped with the natural convolution 
product, is a Banach algebra, called the weighted semigroup algebra or convolution algebra of 
(S,co). 

A bounded function f from a set S to a Banach space B has a unique continuous extension 
to a bounded linear map I 1 (S) — > B, whose norm is precisely sup fGS \\f(t) ||. Moreover, if S is 
a semigroup and B is a Banach algebra, this extension will be multiplicative if and only if the 
original function / is multiplicative. Thus, the characters of i 1 (S) are in natural bijection with 
the non-zero semigroup homomorphisms S — > (C, x ), sometimes called the semi-characters 
of S. 

The corresponding version for weighted semigroup algebras is equally straightforward: 
bounded linear maps £^(S) — > B correspond to functions / : S — > B such that 

supo;(s)- 1 ||/(s)|| <oo, (2.2) 

ses 

and so forth. Such a function will be called an a>-bounded map from S to B. In the case where 
B = C and / : S -> C, the quantity in (|22l) will be denoted by ||/|| ^-i . 

Since we can naturally and isometrically identify l\j{S) <8>^i,(S) with £^ xa ,(S x S), it is 
easy to check that for a given function / : S — > B, the multiplicative defect of the correspond- 
ing linear map £} (S) — > B is 



x,y£S 



co(x)co(y) 



In this way, all AMNM questions where the domain algebra A is a weighted semigroup 
algebra can be rephrased in terms of o;-bounded maps from the given semigroup and (a; x 
a;)-bounded maps from its Cartesian square. This is sometimes convenient if we need to 
define a map via case-by-case checking. 

2.3 Weighted semilattice algebras, and their characters 

A semilattice is a commutative semigroup in which each element is idempotent. Even quite 
simple semilattices can give rise to interesting Banach algebras, once we allow for weights. 
The following examples provided the initial motivation for this article, and will be revisited 
in Theorem l4.2l 

Example 2.5 ("Feinstein algebras"). Let N m i n denote the semilattice obtained by equipping 
the set of natural numbers with the binary operation (m,n) h-> mm(m,n). The weights 
on this semilattice are precisely the functions co : N — > [1, oo). The convolution algebra 
4(^i™) * s semisimple and its character space can be naturally identified with N. (This is 
alluded to, without details, in (H 11.1.5]; see also Lemma 12751 below.) In fact, the Gelfand 
transform maps ^(N m i n ) onto a dense subalgebra B w C Co(N), defined by 

Be = {/ G c (N) : l/iKl) + £ |/ i+ i -fj\a>(j) < co}. (2.3) 

equipped with the obvious norm. The unitizations of the algebras B u , are isomorphic to ex- 
amples studied in |2|. Note that in the cases where co is bounded, Q, (N m i n ) is isomorphic as 
a Banach algebra to i 1 (N m in), and B a , will consist of those Co-sequences which have bounded 
variation. For more details, see Q] §3]. 

Remark 2.6. In the literature, terminology and notation for these examples has varied. Strictly 
speaking, Feinstein's construction in [2] is more general: he defines, for any given sequence 
a = ( a )!)»>i of strictly positive real numbers, a commutative unital Banach algebra A a C 
C(N U {oo}), and in his notation our B a coincides with A a n Co- Note, however, that in some 
later papers the algebra A a is defined to be what we have denoted by B a . 

For general semilattices, a systematic approach to the character space is via the language 
of filters. First we introduce some notation that will be used later in Section 13731 Given a 
semilattice S and a subset ECS, we define the following sets: 

{E)„ = {x 1 ---x„ : x lt ... f x„eE} (n>l), (2.4) 

and (E) ={J n >i{E) n . Note that (E) is the sub-semilattice of S generated by E. 

Definition 2.7. Let S be a semilattice and let ECS. We say that F is a filter in S if it satisfies 
the following three properties: it is non-empty; it is closed under multiplication (i.e. xy G E 
whenever x,y G E); and it is upwards closed in S (i.e. whenever x G S and y £ F with xy G E, 
then x G E). 

Given a non-empty subset E in a semilattice S, there exists a smallest filter in S which 
contains E. This can be described concretely: it is the set 

F = |J {x G S : x t y}- (2.5) 



The following lemma assembles some basic results, which are well known, at least im- 
plicitly, for multiplicative linear functions on semilattice algebras. (See e.g. |H 11.1.1].) Since 
the proofs are no harder for the weighted versions, we leave them to the reader. 

Lemma 2.8. Let S be a semilattice and F C S. The following are equivalent: 

(i) F is a filter in S; 

(ii) the indicator function ofF is a character on i^^for every submultiplicative weight go; 

(iii) there exist a submultiplicative weight co such that the indicator function ofF is a character on 

4(s). 

Moreover, if<p : S — > C is multiplicative and non-zero, and <p = 1 on some subset ECS, then <p = 1 
on any filter containing E. 

3 The AMNM property for weighted semilattice algebras 
3.1 The unweighted case, as a guide 

Theorem 3.1. Let Sbea semilattice. Then ^(S) is AMNM. 

This result, or equivalent reformulations, may have been implicitly known to previous 
authors. We shall give a complete proof, since it allows us to introduce some basic results 
and techniques which will be instructive for later arguments. 

Define/ : [0,1/4) -> [0,1/2) by 

f(t) = \[}~ vT^it) • (3.1) 

The following properties are straightforward to verify. 

• / is convex and monotone increasing, and /(0) = 0. 

• p : t \-> £ _1 /(f) is monotone increasing on (0, 1), and lim^o ^ _1 /(0 = 1- 

• /(2/9) = 1/3 and p(2/9) = 3/2. 

Notation. Given r > and h)GC, denote the closed disc of radius r and centre w by TD w (r). 
If r > 0, denote the open disc of radius r and centre w by T> w (r). 

Lemma 3.2. Let z G C, let e G [0,2/9], and suppose z 2 - z G D (e). Then distc(z, {0,1}) < 
/(e) < |e. 

Proof. Put w = z — z 2 . Then (z — I) = 1(1 — 4w), and so z — I = ±i-\/l — ^ w (taking the 
branch of the square root function for which z — > as w — > 0). It follows that 



dist c (z,{0,l}) < 



---Vl-4a; 

2 2 



The Taylor expansion (about 0) of the function w \— > 1 — \/l — 4w has non-negative coef- 
ficients. Hence distc(z, {0, 1}) < /(|w|), and the rest follows from our earlier observa- 
tions. □ 



Theorem 13.11 follows immediately from the following technical result. 
Proposition 3.3. Let Shea semilattice, and let ip : S — > C satisfy dei(xp) < 2/9. Let 

S t = xp- 1 (Di(l/3)) = {eeS : \if>(e) - 1| < 1/3}, 
and let % be the indicator function ofS\. Then x is a multiplicative function S — > C, satisfying 

IIV -Xlloo < 3||^ 2 - ^||oo < ^-- (3.2) 

Proof. By Lemma 13.21 we have 

3 3 1 

supmm(\ip(e)-l\,\ip((e)\) < sup -|t/>(e) 2 - xp(e)\ = -dei(xp) < -. 

Hence, if we set So = i/? _1 (Do(l/3)), then S = So U Si, from which the inequality (|3.2|) 
follows immediately. 

To prove % is multiplicative, it suffices by Lemma 12^81 to show that Si is either empty or a 
filter. Suppose that Si is non-empty. If e,f G Si, then 

l##(/)l>(J V 4 

Hence |i/?(e/) | > 4/9 - def(^) > 1/3, forcing ef G S \ S = Si. If e h f G S and / G Si, then 
since |i/ ; (/)| _1 < 3/2, we have 

|?(e) - 1| < ||*(c)^(/) -?(/)| = |def(f) < \, 
forcing e G Si. Thus Si is a filter, and the proof is complete. □ 

3.2 A WEIGHTED SEMILATTICE WHICH IS NOT AMNM 

Theorem 3.4. There exists a locally finite semilattice T and a submultiplicative weight co onT such 
that £l(T) is not AMNM. 

The counter-example T will be built out of copies of free semilattices. Given a set S, let 

[SI 
2* denote the free semilattice generated by S; this can be identified with the set of all non- 
empty finite subsets of S, with semigroup product given by union. For our purposes it is 

[SI 
more convenient to regard elements of 2* J as reduced words in the generators. There is a 

natural length function 75 : l\ ' — > IN, where 7s (x) is the minimum number of elements in 
S needed to generate x. A little thought shows that 75 (xy) < min(|S|, 7s (x) + 7s (j/)) for all 

x,y£ 2l S] . 

[si 
If S is a finite set, then 2* J has a zero (i.e. minimum) element, namely the product of all 

elements of S; we denote this element by 9$. Note that 75 (9$) = \S\. 



Proposition 3.5. Let S be a finite set of cardinality > 2. Fix a constant C > 1, and define cos : 

2[ S] -» [l,oo) by 

[ C ife = 9 S 
Then co s is a submultiplicative weight onl\\ Moreover, if we define t/> : 2^J — > {0, 1} by 

n J \ jf e = «s. 

(i) as an element of £l, s (2 [ * ] )*,def(ip) < C~l s l; 
(ii) z/0 : 2* -4 {0,1} is multiplicative, then 

suptosiey^ipie)-^)] > CT 1 . 

Proof. Since 7s is subadditive and co${e) < C 7s ^' for all e € 2* , it is clear that <x>s is submul- 
tiplicative. 

To prove (i), let e,/ G 2^ . If e/ ^ S then tp(e)ip(f) = 1 = ^ (<?/). If e = 9 S or / = 9 S then 
xp(e)xp(f) = = tp(ef). The only remaining cases are those where e, f ^ 9$ while ef = 9$. In 
such cases, we have js( e ) + 7s(/) > |S|, and so 

|<KeW) " Wf) I = 1 < ^C-l s lo;( e )a;(/). 

Thus in all cases, \xp(e)xp(f) — ip(ef)\ < C^ s ^cv(e)co(f). 

To prove (ii), let <£ : S — >■ {0, 1} be multiplicative. If (p(9s) = 1 then 

w(9 s )- 1 \cp(9 s )-tp(9 s )\ = C- 1 . 

1 
Sq € S with <P(sq) = 0, and so 



re] 

If not, then <p(9s) = 0. Therefore, since <p is multiplicative and S generates 2* , there exists 



co{s Q )~ x \<p{s ) - ip{s Q )\ = C~ x . 

D 

If (Fj)jgi is a family of semilattices, consider the set {9} U LL'ei F, where is a formal 
symbol. This can be made into a semilattice if we define the product as follows: 9 is an 
absorbing zero element; the product of two elements in F, is their usual product; the product 
of elements in F; and Fj is 9 whenever i ^ j. We call this semilattice the orthogonal direct sum 
of the family (F), e i. 



Proof of Theorem IXil Let (F„)„>i be a sequence of finite sets with \F n \ /■ oo. Define T to be 

[F 1 

the orthogonal direct sum of the family (2* ) n eN/ with 6 being the zero element of T. To 
ease notation, denote the zero element of 2* " J by 6 n , and denote the length function of 2* "' 

Fix a constant C > 1, and define CO : T — > [1, oo) by 

co(9):=l , u>(6„) :=Cforeachn eN , co(e) := C 7 " (e) if e G 2t F " ] \ {0,,}. 

Define^ : T^ {0,1} by 

fl ifEeS n \{0„}, 
[ otherwise. 

If </> : T — > {0, 1} is multiplicative, then by part (ii) of Froposition l3.5l 

\\fn-<t>\\ >sup{o;(e)- 1 |^„(e)-^(e)| : e e 2^} > CT 1 . 

Hence, 

dist^ (r) , 0„, Mult(4(T),C)) > CT 1 for all n. 

On the other hand, by Proposition I3.5IX ) , 

\M e )M) ~ 1pn( e f)\ . f c ,[f»]\ ^ ^-|F„ 



Thus 4 (T) is not AMNM. □ 

The example (T,co) was found while trying to prove that all weighted semilattice alge- 
bras are AMNM, and realizing that the attempted proof only worked when one could verify 
a certain technical condition on a given weighted semilattice (S,to). This condition, and the 
proof that it suffices to ensure (r w (S) is AMNM, will be our next topic. 

3.3 Weighted semilattices which are AMNM 

The following lemma is a substitute for Lemma l372l It is less informative in the case of I 1 (S), 
but is more convenient in weighted cases. 

Lemma 3.6. Fix S > and c > 1. Let Abe a Banach algebra, e an idem-potent in A, and xp G A*. 
Then 

mm(\ip(e)\, |1 - tp(e)\) < def(i/>) 1/2 ||e||. (3.3) 

Proof. If e = this is trivial. If e ^ 0, observe that 

AcfNA > l#0-?( e ) 2 l - I^OON 1 -^)! > / min(|tKe)Ul-iMe)l) 
cienu/i ^ j, n„ M n || || _ || || 

ll e ll IMI IMI V ll e ll 

and 03.311 follows. □ 



By (|3.3[) and the definition of the norm on ^(S), we see that if xp : S — > C is tu-bounded 
with def u ,(tp) < 5, then there exists an o;-bounded function (p : S — > {0, 1} such that 
\\tp — <p\\oo,co-' 1 < ^ 1/2 - Also, since 

!♦(.)♦(») -tf*)| < { j * (s)ll * (f) " m + '* <s) " f{s)m)l 

mm > n n -\ +\f( s )f(t)-y( s t)\ + \f( s t)-t( s t)\, 

we have dei w ((f)) < 3S 1 ^ 2 + 5. From this, routine arguments (which we omit) yield the 
following necessary and sufficient condition for i\,(S) to be AMNM. 

Corollary 3.7. Let (S,co) be a weighted semilattice. The following are equivalent: 

(i) £l(S) is AMNM; 

(ii) For any e > 0, there exists 3 > 0, such that whenever <p : S — > {0, 1} satisfies 

!»(«/) -»(ff(/)| 

e ,/es w(e)w(/) 
f//en i/zere ex/sfs « subset F C S, e/i/zer empty or a filter, such that 

SU p l*F( g )-*( e )l < e . 

The following terminology is non-standard, since we have not been able to find prior 
terminology in the literature. 

Definition 3.8 (Verbosity and prolixity). Let £ be a subset of a semilattice S. The verbosity 
of E, denoted vb(E), is defined to be inf{n 6 N : (E)jv = (E) }/ with the usual convention 
that the infimum of the empty set is +oo. We define the prolixity of S to be sup £cs vb(E), and 
denote it by prol(S). 

Here, the sets (E) n and (E) are as defined in \2A\ . Note that the condition prol(S) < oo 
does not imply S is finitely generated as a semigroup. (Indeed, finitely generated semilattices 
are finite.) 

Example 3.9. Let S be the free semilattice on n generators. Then prol(S) = n. 

Example 3.10. If S has width < n as a partially ordered set (i.e. there exist n chains in S 
whose union is all of S) then prol(S) < n. 

(Fix chains C\, . . . , C„ in S such that S = (J" = i Q- Let ECS and x G (E) . For some integer 
k there exists y\, . . . ,yi G E such that X = y\ • • • y^. Partition {1, . . . ,k} into disjoint, non- 
empty subsets /(l), . . . , J(m), where m < n, such that y r G Q for all r G J(i). For each i, the 
set {y r : r G /(/)} is totally ordered (as a subset of S) and so has a least element, say y s (i)- 
ThenlX-gj^y, = y s(i)/ so 

* = y 8 (l)---y S (m) e ( E )m c (E)„ 
and thus vb(£) < w.) 
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Example 3.11. Let n > 2. If S has height < n (i.e. each chain in S has cardinality < n) then 

prol(S) < n. 

(Let E C S and ;t G (E) . For some integer ft: there exists y\,...,yi £ E such that x = y\ • • • y^. 

Clearly y\ >z 3/1J/2 b • • • h y\yi • • • i/fc- Let 

/ = {r G {2, . . . ,fc} : y x ■ ■ ■ y r _ x £y x --- y r }, 

and enumerate its elements in increasing order as j\ < ... j m . Since chains in S have cardi- 
nality at most n, we have m < n + \, and thus vb(£) < n.) 

We need one more technical definition. Let (S, a;) be a weighted semilattice, and let C, a. 
be constants > 1. We say that the pair (S, co) is (C, a)-governed if 

maxa;(y) < Cmaxw(x)" for each subset £ C S. 

This condition is somewhat artificial, and is set up to make the proof of the next theorem 
work. Let us first consider some examples. 

Example 3.12. 

(i) If sup x€S U)(x) = C < oo, then (S,cv) is (C, 1) -governed. 

(ii) If prol(S) = n < oo, then (S, a;) is (1, n)-governed for every weight co. 

(iii) Let (T,co) be the weighted semilattice constructed in the proof of Theorem 13.41 Then 
there are no constants K and a such that (T,co) is (K, a-governed. 

Theorem 3.13. Let (S,cv) be a weighted semilattice, which is (C, a.) -governed for some constants 
C>landoc>l. Then £ l w (S) is AMNM. 

As a special case of Theorem 13.131 we get another proof that ^ 1 (S) is AMNM for every 
semilattice S (see Example l3.1^ FT)l. More interestingly, we can deduce that if S is a semilattice 



with either finite width or finite height, then l l w {S) is AMNM for every submultiplicative 
weight co (see Example 13.12 FIT) I. In particular, for any weight function co : N — > [l,oo), the 



algebra B^ from Example l2.5l is AMNM, as it is isomorphic to ^,(N E 

By Corollary 13. 71 Theorem [3T3] will follow from the following more technical result. 

Proposition 3.14. Let (S,co) be a weighted semilattice that is (C, a.) -governed. Let 5 G (0,1) and 
K > max(C,2 1+1/a ). Suppose ip : S -> {0,1} satisfies 

\xp(st) - ip(s)xp(t) | < 5co(s)co(t) for all s,t G S. 

Then there exists F C S, either empty or a filter, such that 

\Xf(x) - ip(x) | < K5 1/(a+1) oo(x) for all x G S. 

Proof of Proposition 13. 341 Let 

S fix :={xeS : co(x) < (^)" 1/ ( a + 1 )} 
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(we think of this as the set where to is small). Let E := {y £ Sg x : xp(y) = 1} and let 

F:= |J {xeS : x h y} . 

Recall: if E is empty then so is F; otherwise, F is the filter generated by E in S. 

To motivate the next step, suppose cp : S — > C is multiplicative and is close in norm to xp. 
Then (provided S is sufficiently small) we must have cp = 1 on E; and so, as remarked in 
Lemma 12.81 (p must be 1 on F. Therefore, xp must also be 1 on F n Sfi x , i.e. we must have 

E = Fns fix . 

So, our next step is to verify that E = F (1 Sg x . It suffices to show that F n Sg x C £, and 
the proof of this goes via the following claim: 

Claim. Let l:eN. Then xp(y) = 1 for all y G (E)fc. 

PROOF OF claim. Induction on k. If k = 1 there is nothing to prove. Suppose that the claim 
holds for k = m — 1 where 2 < m, and let %\, . . . , x m G E. Put y' = X\ ■ ■ ■ x m _\, then by the 
inductive hypothesis, and the assumption that (S, a;) is (C, a)-governed, 

\tp{y'x m ) - 1| = |t/>(y'x m ) - 'KyO'K*™)! 

< Sco(y')co(x m ) 

< sc ((Ksyv^+v)* (KS)- 1/(a+1) = C/K < 1 



which, since ip is 0-1-valued, forces tp(y'x m ) = 1, so that the claim holds for k = m. 

Now let z G F n Sg x . Since z G F, there exists A: G N and y G (£)& such that zy = y. By 
our claim, ip(y) = 1. Since z G Sfi x this implies 

\ip(z)-l\ = \tp(y)xp{z) - xp(yz)\ 
< Sco(y)co(z) 

= cK-W'+Qsb-tyb+Q <C/K<1 

forcing ip(z) = 1, so that z G E. 

Thus F n Sfi x = F, as required. We therefore have S = E U (Sgx \ F) U (S \ Sgx). Now 
observe that: 

• when x G E then |xf(;c) — ip(x) \ = 0; 

• when x G Sgx \FC Sg x \ E then #f(x) = = i^(x), so that |^f(x) — i/;(x) | = 0; 

• when x<E S\ S fix then \xf(x) - ip(x) | < 2 < K a /( a + 1 ) < ^/^^^(x). 

Putting these cases together, the proposition is proved. □ 
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4 More general range algebras 

For which Banach algebras B and weighted semilattices (S, a;) is (^ (S), B) ) an AMNM pair? 
Since we do not have a complete answer in the case B = C, we can expect only partial 
results in the more general case. A natural place to start is with those semilattices covered by 
Theorem I3A31 in particular with N min . Recall that by this theorem, ^(N min ) is AMNM for 
any weight U). In contrast, we will now show that whenever a; is a non-trivial (=unbounded) 
weight on N min , the pairs (4( N min),T 2 ) and (4,(N min ),M 2 ) fail to be AMNM - Here / M 2 
is the algebra of 2 x 2 complex matrices, and T 2 is the subalgebra 



{(o «) : «^ec}-c[x]/(x 2 ). 



Remark 4.1. These are not arbitrary test cases: M2 is the smallest semisimple algebra that is 
noncommutative, while T 2 is the smallest commutative, unital algebra that is not semisim- 
ple. (In the context of commutative algebra and deformation theory, it is also known as the 
algebra of dual numbers over C, since it formalizes the notion of an infinitesimal element 
vanishing to 2nd order.) Additional motivation comes from results of R. A. J. Howey, who 
showed that C k [0, 1] is AMNM (k > 1) (HI), while observing - in slightly different notation 
- that the pair (C k [0, 1], T 2 ) is not AMNM (0 Corollary 4.2.5]; see also Remarkl4~3lbelow). 

It does not matter which norm we put on T 2 or M 2 . To be definite, we give M 2 its natural 
norm (the C* -algebra norm), but equip T 2 with the norm 



a b 
a 



= \a\ + 
t 2 



Theorem 4.2. Let 00 be an unbounded weight function on N m in. Then neither (^(N m m),T 2 ) nor 
(4,(N min ),M 2 ) are AMNM pairs. 

Proof. Throughout this proof, let A denote the algebra £l,(N m m)- For each m G N let Xm be 
the character 

* mW -\o if*<«, 

and let 5 m be the Dirac point mass at m. Set 

'Xm ^™)M :N ^T 2 , 
Xtn J 

noting that the range of Q m consists of commuting elements. 
For 1 < j < k, we have 

6 m (i)6 m (k) - e m (j) = (° Xm{j)co{m)5 m {k) + w(m)5 m {j){x m {k) - 1 

Xm(j)w(m)5 m (k) 
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Hence by symmetry, for general /, k 6 N m in we have 

'0 Xm(jAk)(v(m)5 m (jVk) 



Thus 



l (j)9 m (k)-e m (jAk) 
which vanishes unless j = k — m, in which case 

e m (m)e„(m)-e m (m)= (° w{ ™ ] 

y,iteN ^(/M*) w(m)co(m) 

We now consider the cases of T2 and M2 separately. Suppose O : N m i n — > T2 is multi- 
plicative. Since T2 has no non-trivial idempotents, this forces </>(ft)i2 = for all n. Hence 

\\&(m) - m (w)|| > |0(^)i2 - m (m) 12 \ > <x>(m), 

so that 

llOfx) - <x)\\ 
dist c{A/T2) (6 m/ Mult(A,T 2 )) > sup " V ' ml ; " > 1 for all m. 

Since liminf f! w(n) _1 = 0, it follows that (A, T2) is not an AMNM pair. 

A little more work is needed in the case of M2. Let C > 1 + co(l). Since def(0 m ) = 
o;(m) _1 is not bounded away from zero, it suffices to prove the following claim. 

Claim: dist £(A/M2) (0,„,Mult(A,M 2 )) > C _1 . 

Suppose the claim is false. Then there exists (p : N m in — > M2 which is multiplicative (in 
particular, each (p(n) is an idempotent in M2) and satisfies 

sup »""■<"' -f ■>»<€-. (4.2) 

co(n) 



a 



Since 9 m (l) = I and ||0 m (l) — ^(1)|| < C~ 1 ol>(\) < 1, </>(l) is an invertible idempotent in 
M2, so (f)(1) — I. Then, since (p is multiplicative, I = <p(l) = <p(l)<p(m) = <p(m). But then 
taking n = m in (I4.2D and recalling that 9 m (tri)\2 = Oj(m), we get 1 < C _1 , a contradiction. 
This proves the claim, and hence proves the theorem. □ 

Remark 4.3. A (bounded) multiplicative function Y from a Banach algebra A to T2 is easily 
seen to be of the form 



where <p G Mult (A, C) and D : A — > C is a (bounded) derivation with respect to the bimod- 
ule action of A on C via <p. In the case where A has a dense subspace consisting of commut- 
ing idempotents, the only such bounded derivation is 0; and the failure of (^,(N m j ri ),T2) 
to be AMNM can be interpreted as saying that there are "approximate point derivations" of 
large norm on £ l w (N m in). This perspective (motivated by cohomological questions about the 
"Feinstein algebras") was the original approach used to construct the counter-example seen 
in proving Theorem 14.21 With hindsight, a similar idea can be seen behind Howey's result 
that (C k [0, 1], T 2 ) is not an AMNM pair. 
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Remark 4.4. If <x> is any weight on N m m with liminf„ co(n) < oo, then ^(N m in) is known 
to be approximately amenable (in fact, it is boundedly approximately contractible, by com- 
bining the discussion in Example 12.51 with |3l Corollary 4.5]). Thus, Theorem 14.21 shows that 
we can have approximately amenable Banach algebras A and finite-dimensional Banach al- 
gebras B such that (A, B) is not an AMNM pair, in contrast with what happens when A is 
amenable lllOl Theorem 3.1]. 

Theorem 14.21 suggests that if we seek positive results, we are better off considering the 
unweighted convolution algebras of semilattices. This is corroborated by the next result. 

Theorem 4.5. Let S be a semilattice. Then (I 1 (S), T2) is an AMNM pair. 

fa(e) b(e)\ 
Proof. Write 9(e) = I ) { J for functions a, b : S — > C. Since 

a{e) b{e)\(a{f) b{f)\ __ (a{e)a{f) a(e)b(f) + b(e)a(f)\ 
a(e)J \ a(f)J " ^ a(e)a(f) J { ^> 

we see that def(fl) < dei(6) < 2/9. By Proposition l3.3[ there exists a multiplicative function 
X '■ S — > C such that 

\a(e)-x(e)\ < 3\a{e) 2 - a(e)\ < 3dei ^ < 1/3 for all e G S. 

Note that 

def(0) = sup ||6>(e) 2 - 0(e)|| 

'a(e) 2 -a(e) 2a(e)-l)b(e) 
a(e) 2 - a(e) 



sup 

eeS 



= sup|fl(e) 2 -a(e)\ + \2a(e) - 1| \b(e)\. 

Let e e S. Since \a(e) 2 — a(e)\ < def(fl) < def(0) < 2/9, applying Lemma 13721 gives 
dist c (fl(e),{0,l}) < 2/3, and hence \2a(e) -1| > 1/3. Therefore 

\\e(e) - x(e)I\\ = \a(e) ~x(e)\ + \b(e)\ < ^\a(e) 2 - a(e)\ + 3\{2a(e) - l)b(e)\ < 3def(0). 

D 

5 (£ 1 (S),M 2 ) IS AMNM FOR ANY SEMILATTICE S 

For reasons of technical convenience, we shall work mostly with the Hilbert-Schmidt norm 
on M2, defined by ||A||^j S = Tr(A*A) 1 ^ 2 . It might be conceptually clearer to use the operator 
norm throughout, but this seems to yield worse constants in later inequalities, which are 
obtained by bootstrapping up the earlier ones. 

Notation. If A e M 2 and £ > let 

Bf(e) = {BeM 2 : \\A - B\\ HS < e}. 
(the closed ball of radius e centreed on A, in the Hilbert-Schmidt norm). 
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Theorem 5.1. Let 5 < 1/36, and let 9 : S —¥ M2 be a function satisfying 

sup\\e(e)e(f)-9(ef)\\ m <5. (5.1) 

e.feS 

Then there exists a (bounded) multiplicative function cp : S — > M2 such that 

sup\\9(x)-cp(x)\\ HS <18S. 

i-eS 

In particular, (I 1 (S), M2) is a strongly AMNM pair. 

Note that we do not assume in d5.il) that sup eGS \\9(e) ||hs < °°/ but that this will emerge 
during the proof (see Proposition l5.4[) . 

5.1 Motivating the proof of Theorem [5TTI 

Let S be a semilattice. Our proof that (£ 1 (S),C) is a uniformly AMNM pair can be broken 
down into three steps: 

1. Show that there is a constant c, such that whenever 6 : S — > C is ^-multiplicative, 
9(S) C IDo(cS) U T)\(cS). (In effect, this step "approximately discretizes" the problem.) 

2. Put S k := 9~ 1 (D k (cS)) for k = 0,1, so that S is partitioned as Si U S . Show that 
Si • Si C Si, Si • So C So, and So ■ So C So- (Although we did not do these calculations 
explicitly, they are implicit in the process of checking Si is a filter in S.) 

3. Define (p : S — > {0, 1} by <p = 1 on Si and (p = on So- By the first step, ||^> — 0||oo < cS, 
and by the second step, (p is multiplicative. 

The strategy we shall adopt is to mimic each of these steps, but now allow our maps to 
take values in M2 rather than C. As a first step, we need some characterization of multiplica- 
tive functions (p : S — > M2, which reduces down to the problem of describing the possible 
semilattices inside the multiplicative semigroup M2. This is not too hard, once we make 
the following observation: if P G M2 is a rank-one idempotent, then the only idempotents which 
commute with P are I, P, I — P and 0. (We will see later that there is an "approximate version" 
of this.) 

Secondly, observe that if 6 is - as claimed - a perturbation of a multiplicative function cp, 
then by the previous remarks 9(S) should be contained in a small-ball neighbourhood of 
<p(S), which in turn is contained in a set of at most four commuting idempotents. To prove 
Theorem 15.11 we reverse this line of reasoning, and identify a commuting set L of idempo- 
tents in M2, a small-ball neighbourhood of which will contain 9(S). (See Proposition 15.41 
for the details.) Then, since the elements of L are well-separated, there is only one realistic 
candidate for the map (p: namely, it should send a given x G S to the element of L nearest 
to 9(x). This map (p will clearly be close in norm to 9, so all that will remain is to check that 
(p is multiplicative: this can be done through a case-by-case analysis, although some work is 
needed since we do not assume sup eGS \\9(e) ||hs < °°- 

To identify the set L, we make heavy use of a small but technical result, based on the 
following idea: the trace of an approximately idempotent 2x2 matrix must be close to an 
integer, which then equalse the rank of any nearby idempotent. This will be made precise in 
the next lemma. 
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5.2 A KEY TECHNICAL LEMMA 

The following lemma is our basic tool for working with approximately idempotent elements 
of M2. It is here that the Hilbert-Schmidt norm seems to be convenient. 

Lemma 5.2 (Key estimates). Let A G M 2 . Suppose \\A - A 2 || H s < £ < 2/9. Then \\2A - f|| H s > 
\/2 — 6e. Moreover, exactly one of the following three possibilities occurs: 

(i) Tr(A) G D 2 (3£/>/2), and A G Bf S (2e); 

(ii) Tr(A) G D 1 (2e) / and A G Bp S (3£/2)/or some ranjfc-l idempotent P G M 2 ; 

(iii) Tr(A) G D (3e/v / 2), and A G B (2e). 



7n case |(I)1 A is invertible and \\A l || H g < 3. In case (iii) I — A is invertible and \\(I — A) 1 || H g< 
3. 

Proof. By conjugating with an appropriate unitary matrix, we may assume without loss of 
generality that A is upper triangular, say A = ( J . Then 

2 _ /fl-fl 2 b(l-a-d) 
A ~ A ~ \ rf-d 2 

so that |a — fl 2 | 2 + |b(l — a — d)| 2 + |d — d 2 | 2 < \A — A 2 ^ 2 ^ < e 2 . In particular, by the scalar 
case (Lemma [372|l , 

3 3 

distc(fl, {0,1}) < -\a-a 2 \ and dist c (d,{0,l}) < -\d - d 2 \, 

implying that 

distc(fl + d, {0,1,2}) < -\a-a 2 \ + -\d-d 2 \ < 4= (\a - a 2 \ 2 + \d - d 2 \ 2 ) 1/2 < 4=£- 
v L iJ ~ V ' 2 1 a/2 ~ v^ 



Moreover, 

\\2A - /Dig > |2a - 1| 2 + |2d - 1| 2 

>2-4|a-fl 2 | -4|d-d 2 | 

> 2 - 4V2 (|a - fl 2 | 2 + |d - d 2 \ 2 ) 1/2 > 2 - 4\/2e > 2 - 6e. 

Note that since e < 2/9, we have 

3£ \/2 , 3e 1 

— f= < -=- and — < - . 
x/2 3 2 3 
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The case \a + d-2\ < 2e. We have 



i 

\\-a-d\> l-3e/v / 2> -, 



and so \b\ < 2\b(l — a — d)\. We also have \a — 1| < \\a — a 2 \ and \d — 1| < §|d — d 2 |. 
Therefore 



|A- J||op < ||A-I||hs= (|fl-l| 2 + |b| 2 + |d-l| 2 ) 1/2 



2|2 , it,/-, „ j\|2 , u j2|2\!/2 4 



<2(|fl-fl 2 | 2 + |b(l-fl-d)| 2 + |d-d 2 | 2 ) ' <2e< -. 
This gives 



lA"^ < V2||A"% < ^4^ < 3. 



x/2-9 
~5 



The CASE |« + d — 1| < 2e There are two sub-cases: either 

(a) \a — 1| < j\a 2 — a\ and \d\ < \\d 2 — d\; or 

(b) \a\ < ||fl 2 -fl|and \d-l\< \\d 2 - d\. 

Suppose we are in case (a). Put P = I _ j , which is clearly an idempotent; then 

12 _ u -112 , |j|2 / 9 u2 „|2 , 9 ij2 j|2 / 9 n a ||2 



IA-P|| 2 T S = |fl-l| 2 + |d| 2 < -\a 2 - a\ 2 + -\d 2 - d\ l < -\\A\ 



HS 



as claimed. If we are in case (b), put P = I „ ) ; a similar calculation then shows that 
II A — P||hs < |e as before. 

The CASE \a + d\ < 2e In this case, we also have \1 — a — d\ > 1/2, so 

\b\ < 2\b{l - a - d)\. 

We also have 

\a\ < -\a — a 2 \ and \d\ < -\d — d 2 \, 

so that a similar estimate to the first case yields || A ||hs < 2e. □ 



5.3 The proof of Theorem I5TT1 

To save needless repetition, we will assume for the rest of this section that < 6 < 1/36. 

Let 6 : S — > M2 satisfy the condition (|5.1|) . To simplify formulas, we shall use the folio w- 
ing abbreviations: ^stands for 9(e), f for 9(f), ef for 9(ef), and so forth. 

We start by taking e = f in condition (|5.1|) and using Lemma \52\ with e = S. This gives 

Tr0(S) C J5 Q (3S/y/2)\Jl5 1 (35/y/2) UD 2 (3(S/\/2). (5.2) 
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IEZI 

Figure 1: Dependencies between results in this section. (P = Proposition; L = Lemma.) 

Define S k := (Tr oB)' 1 (I5 k (35 / y/l)) for k = 0,1,2. Since U/y/l < 1/16, Q implies that 
Tr9(S k ) C D fc (l/16) fork G {0,1,2}. In particular, 



if g G S, k G Z and |Tr 0(g) - fc| < 0.9, theng G S t . 



(5.3) 



By cases (i) and (iii) of Lemma [BT2l 



S 2 = 6r 1 (Bf S (2^)) an d S = O' 1 (B™ (26)) . 
Define <p : S2 U So — > M2 by </>(So) = {0} and <^(S2) = {I}. Then by construction, 

sup ||x-<K*)IIhs <25. 

xeS 2 us 



(5.4) 



Proposition 5.3 (Some easy properties). Let e,f<ES. 

(i) Ife,f E S 2 thenef e S 2 . 

(ii) ife G So and/ G S tfien e/ G So- 
In particular, S2 U So is fl subsemigroup ofS, and cf> : S2 U So — > M2 is multiplicative. 
Proof. Lete,f G S. Then 

II (e? - e)/||HS < Ik/7- e/||HS + Ik? - e/|| HS < 25. 
If / G S?, then by Lemma l5.2Ti)| with e = 5 we have ||/ _1 ||hs < 3. Hence by Cauchy-Schwarz 

|Tr(e/-e)| < || (e? - 2)7||hs ||7 _1 IIhs < 6<5. (5.5) 
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Therefore, if e G S2, 

n ^_ 2|s » +B< » + | <S . 



So by the observation (|5.3|) , e/ G S2, and (i) is proved. 

Also, note that \\eef — c/||hs < ^- If e G So, ||e — I||hs < 3 by Lemma EH and so by 
Cauchy-Schwarz, 

\Txef\ < || (e - I)" 1 ^ ||(e- J)e/||HS < ^ < 7^ 



Hence e/ G Sq. This proves (ii) The final statement of the proposition now follows easily 



from [(I)] and (ii) □ 



Combining 05.41 ) and Proposition 15.31 we get a proof of Theorem 15.11 in the special case 
where S\ = 0. We shall therefore assume, for the rest of this section, that S\ is non-empty. 

Proposition 5.4. There exists a rank 1-idempotent P G M2 such that 

0(Si) C Bp S (18^) UBf_ S p (18<5). 
Moreover, given e,f G Si: 

- if e,/ G B P (18J), fen so does ef; 

~ TLJC ^w 

- ife,f G B 7 _p(18^), fen so does ef; 

TLJC .— T_TC 

- ifee Bp (183) andfe B]~p(183), fen ef G S . 

The proof of Proposition l5.4l requires some work, which we break up into several lemmas. 
The first of these is an "approximate version" of the following observation: if P and Q are 
rank-one idempotents in M2 with PQ = = QP, then P + Q = I. It also shows where 
we first use the condition that 3 < 1/36, as this is needed in order to bootstrap up from 
Lemma 15.21 

HS, 



Lemma 5.5. LeteJ G Si with ef G S . Thene + f G B 7 (163), and \\e - f\\ HS > VH/6-163. 

Proof. Let A = e + f. We wish to prove A is close to I; this will follow if we can show A is 
approximately idempotent and has trace close to 2. 

Since ef G So, ||ef ||hs < 2£ (by applying Lemma 15721 with £ = 3). By (|5.H> , this gives 

\\ej+je\\ns<23 + 2\\ef\\ m <63. 

Hence _ _ 

l|A 2 -^l|HS = l|e + /-(e + /) 2 || H s 

< ¥ 2 - e\\m + llf " /IIhs + ||e/ + fe\\m < 83 < ~. 

By Lemma 15721 with e = 83, we therefore have 

2 2 

Tr(A) G (J Bjt(16(W/9) C (J IL\(40/81). 

fc=0 fc=0 
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On the other hand, since Tre,Tr/ £ T)\(20S/9), we have 

Tr(A) G D 2 (4(W/9) C B 2 (10/81). 

So we must be in case [(I)] of Lemma [5.21 which yields ||A — I||hs < 2e = 16(5 as claimed. 
Finally, since e £ Si, 

\\2e- I||hs > V2-6^ > Vll/6, 

and so 

||e-/||HS > ||2e- I||hs " 11?+/- *||hs > Vuj6- 165. 

D 

Intuitively we should have Si ■ Si C (Si U So) since elements of 9(Sk) are close to idem- 
potents of rank k. Some care is needed to show this, because we have no a priori upper bound 
on norms of elements in 9 {Si). 

Lemma 5.6. 

(i) If e £ S, f £ Si and e y f, then e £ S 2 . 

(ii) Si • Si C Si U S . 

Proof. Let e,f G S with ef = f. Then ||e/-/|| H s < S. If / G S 2 , then ||/ _1 ||hs < 3 by 
Lemma [5721 Hence, by Cauchy-Schwarz, 

|Tr(g- 7)| < ||2/-/||hs||/" 1 ||hs < ^ < ^ 

so that e G S 2 . This proves (i). Now if e, g G Si, put / = eg; by part (i) we cannot have / G S 2 , 
so (ii) is proved. □ 

To analyze Si in further detail, the following lemma is useful. 

Lemma 5.7 (Chains in Si). Let e,f £ Si with e y f. Then \\e — /||hs < 8<5. 

Proof. Put A = e — f. We show that A is approximately idempotent and has small trace, so 
must be close to by Lemma I5T21 In detail: observe that 



\A 1 -A\\ HS = \\e I -e + f I -f-ef + f-fe + f\\ HS <4S 



and Tr(A) < |1 - Tre| + |1 - Tr/| < 4<5. Using case [(51) of LemmaEH with e = 4<5 < 1/9, 



we get ||?-/||hs < 2£ = 8J. D 

Proof of Proposition 15.41 Recall that Si is, by assumption, non-empty. Consider the relation on 
Si defined by {(e,f) G Si x Si : ef £ Si}, and denote it by ~. Clearly ~ is symmetric and 
reflexive. If e ~ /, then ef £ Si with e y ef and / y ef, so applying Lemma I5T71 we have 

\\e- /||hs < \\e - e/||HS + 11/ - */||hs < 16*5. (5.6) 

Suppose e ~ / and / ~ g. Then, since | > 48(5, we have 

4 



|e - g|| H s < \\e - /||hs + 11/ - $\\hs ^ 32S< ^~ 16S < ^ " 16 ^ 
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Hence, by (the contrapositive of) Lemma IB31 eg £ So- Therefore, by Lemma I5T61 eg G Si, 
i.e. e ~ g. This shows that ~ is transitive, and hence it is an equivalence relation on Si. A little 
thought shows that each equivalence class for this relation is closed under multiplication. 

Now let e,f,g G Si. Suppose e ^ f and / ^ g. Then, since ef G So and fg G So, 
Lemma IB31 gives 11?+/ — I||hs < 16^ and \\f + g — J||hs < 16<5. Thus 



HS 



< 32S < 4/3 - \65; 



arguing as above, we deduce that e ~ g. Thus there are at most two equivalence classes for 
this relation. 

By assumption Si is non-empty; fix po G Si. By Lemma I5T21 there exists a rank-1 idempo- 

T_TC 

tent P G M2 such that po G B P ( |<5) . Let x G Si . If x ~ po, then by ((53)) we have 

II* - P||hs < II*- PoIIhs + llpo - P||hs < 18^. 
If x 9^ po, then since xpo G So, Lemma IB31 gives \\x — po + I||hs < 16£, and so 
||x - (I - P)||hs < |jx - po + J||hs + llpo - P||hs < 18* 
Finally, let e,/ G Si. 

- If e,f G B p (18<5) then e ~ po ~ /, so that e/ ~ po (as equivalence classes are closed 
under multiplication) and therefore ef G Bj_p(18^). 

— t_tc 

- lie,f G B 7 _ P (18^), thene ^ po,/ 7^ po; since there are at most two equivalence classes, 

,-w t_tc 

e ~ /. Thus e ~ ef ~ /, so ef ^ po, so e/ G Bj_p(18<5). 



TLJC ,~_ T_TC 

If e G B P (18<5) and / G Bj_ P (l&J), then e £ f; hence e/ G S as claimed. 



D 



We now fix an idempotent P G M2 that satisfies the conclusions of Proposition [531 The 
sets 

Bf S (2^) , Bp S (18<5) , Bf_ S p (18<S) , B^ (25) 

are pairwise disjoint, and their union contains 9(S). Recall that we have already defined 
(p : S2 U So — > M2 which is multiplicative; now define (p : S\ — > M2 by setting (p(x) to be 
whichever of P and I — P is closer to x. Explicitly, the map (p : S — > M2 satisfies: 

I if x G S 2 , 



</>(x) 



P ifxGBp S (18£), 

__TJC 

I-P ifxGB 7 _ P (18<5), 
if x G S . 



By construction, ||x — <p(x) ||hs 5: 18<5 for all x ^ S, and so it remains to show (p is multiplica- 
tive. 

Let S p := fl-^B^l&J)) and S q := 0- 1 (B^ P (18(5)); we have Si = S p U S,. To show that 
(p is multiplicative, it sufffices to verify the following claims: 
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1. S 2 -S 2 Q S 2 . 

2. S ■ S C S . 

3. S 2 ■ S„ C S p and S2 • Sg C S q . 



4. S p ■ S p C S p and S,, • S q C S ? . 



5. Sp • Sq C So- 

Assertions [T] and [2] follow from Proposition l5.3l Assertions |4] and |5] follow from Proposi- 
tion ^^! Assertion [3] requires some more work, and is dealt with in our final proposition. 

Proposition 5.8. Let e E S 2 . If f E S p , then so is ef; iff E S q , then so is ef. 

Remark 5.9. Although we know that e is close to I for each e E S 2 , there might still ex- 
ist rank-1 idempotents R E M2 such that \\e- R — R\\ is large. So while the conclusion of 
Proposition |5i8] is as one would expect, the proof is somewhat circuitous. 

Proof of Proposition \5.8\ Let e E S 2 and / E S\. By Lemma l5T6l ef £ S 2 . We claim that ef £ So- 
For, assume ef E S§: then by Lemma EH ||£/||hs < 2<5, so using Cauchy-Schwarz and 
Lemma I5.2|fi)t we get 

|Tr/| < lir^lnslle/llHS < 3(<5+ |k?|| HS ) < 95 < I. 

But, by (|5.3[) , this implies / E So, contradicting the assumption that f E Si. The only remain- 
ing possibility is that ef E S\. 

Now recall the equivalence relation from the proof of Proposition 15.41 If x,y E S\ with 
x y y, then x ~ y (by definition of that relation). So if e and / are as above, / ~ ef. We also 
saw in the proof of Proposition 15.41 that if x, y E S\ with x ~ y, then either both belong to 
S v (when x ~ y ~ po) or both belong to S q (when x ^ po an d y ^ po). This completes the 
proof. □ 

Since Proposition [578] implies Assertion |3l the function <p : S —¥ M 2 is indeed multiplica- 
tive, and this completes the proof of Theorem 15. II 

6 Concluding remarks and questions 

It would be interesting to try and find an intrinsic condition on a semilattice which is nec- 
essary and sufficient for the existence of some weight co such that i\,(S) is not AMNM. We 
have seen (Example 13. l^f ii) | and Theorem l3.13|) that prol(S) = +00 is a necessary condition; 
it may also be a sufficient condition, although we have not investigated further. 

We leave AMNM pair problems for (£ 1 (S),B), with B an arbitrary Banach algebra, for 
future work. There is some evidence to suggest that the method used for B — Wl 2 can be 
extended to B = M n/ n > 3, although a more laborious case-by-case analysis would be 
required. (However, see Remark 11.21 ) A more streamlined and unified proof would then 
be desirable. Finally, we close with the following question: is (£ 1 (S),B(E)) AMNM for every 
Banach space E? If not, what if we restrict to the cases E = l? for 1 < p < 00? 
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